Introduction
The projective differential geometry of a surface in space of three dimensions may be founded upon Green's projective analogue of the Gauss differential equations.f
In this paper we assume for the parametric curves any non-asymptotic system, and derive a canonical form for Green's equations. The method used is an adaptation of the method used by Lane in deriving a canonical formf for the defining differential equations of a conjugate net. By specializing the parametric curves to be conjugate, we may obtain the equivalent of Lane's canonical form. Again by assuming the parametric curves to be non-conjugate we obtain a canonical form for Green's differential equations! defining a non-conjugate net. These canonical forms may be written with covariant derivatives.
An intermediate form of Green's equations
Let the homogeneous coordinates y(1>, yl2), yl3), yw of a point y of a nondegenerate surface Sy be given as analytic functions of two independent variables u, v. Let also z(1), z(2), z(3), z(4) be the homogeneous coordinates of a point not in the tangent plane to Sv at y. The four pairs of functions (y, z) are solutions of a system of differential equations of the form^T yuu = ayu + ßyv + py + Lz, yUv = ayu + by* + cy + Mz,
(1) Vw = yy» + 8yv + qy + Nz, z" = myu + syv + fy + Az, Zv = tyu + nyv + gy + Bz.
Since system (1) is a symmetrical system, the formulas appear in pairs. Green has shown f from these conditions that we make the integral curves of (Bdu -dv)(udv -du) = 0 parametric. Transformation (4) changes system (1) into a system of like form, six of whose coefficients are given by S and the formulas Since the asymptotic curves are not parametric, we may make L = 0 by taking
For this choice of w, the coefficient ß assumes the form wherein QM and Qiv) are defined by S and the formula Hence if we choose \ = eWi)F, we make Fu = Fv = 0. The resulting differential equations with coefficients (13) for this choice of X will be called the intermediate form of ( 1 ).
The transformation
changes system (1) into another system whose coefficients are defined by S and by 
wherein û, v are the asymptotic parameters, and a, 5, ß, y are defined by (6) and S. By means of (6) we may show that the reciprocal of the projective normal intersects the tangents to the parametric curves in the points r = y« -\Fuy, s = yv -\Fvy.
The points yu and yv of the intermediate form are therefore characterized geometrically as the intersections of the reciprocal of the projective normal with the parametric tangents.
* Green, Surfaces, p. 128.
The projective normal. The canonical form
The Darboux curves of the surface Sy are defined by the differential equation (20) ßdüs + ydv3 = 0, wherein ß and y are defined by means of (6) and by S, and ü and v are asymptotic parameters. In terms of the coefficients and variables of system (1) equation (20) may be written in the form
The asymptotic curves on Sv are defined by the differential equation
Ldu2 + 2Mdudv + Ndv2 = 0.
Consider now the two forms
The ratio of the discriminant of <p3 to the cube of the discriminant of <p2 is a constant. Hence these forms are the forms <f>2 and c/>3 of Fubini.* Since, for the intermediate form, yu and yv are the points in which the reciprocal of the projective normal intersects the parametric tangents, it follows that the projective normal joins y to the pointf f = Nyn -2My12 + Ly22, wherein the yik are the second covariant derivatives of the scalar y with respect to the form <j>2.
The Christoffel symbols of the second kind for the quadratic form <p2 are readily calculated to be defined by the formulas 
and by S. The coefficients p, c, q, L, M, N are unchanged by (23). The remaining eight coefficients may be found in terms of the twelve thus defined by solving the proper equations of (2a) for the system (24).
If, as the point y describes the curve v = v(u), the line yZ generates a developable, the function v(u) must satisfy the following differential equation: (26) sdu2 + (Ä -m)dudv -tdv2 = 0.
If Z+\y is the point of contact of yZ with the edge of regression of the developable, the function X must satisfy the quadratic equation 
LTuly
The coefficients of this system are expressible in terms of the coefficients and variables of system (1) by equations (13), (16), (25), (29) and (30), and by solving the proper equations of (2a). The system (31) is characterized analytically by the following conditions:
and by the counterpart of (b) in S. Conditions (a) imply that the line y" y" is the reciprocal of the projective normal; the conditions (b) and (a) imply that yz is the projective normal; condition (c) implies that z is the harmonic conjugate of y with respect to the focal points on the projective normal; and the conditions (d) imply that the line of intersection of the tangent planes at y and z to Sv and Sz respectively is the line zuzv. It is therefore evident geometrically that the system (31) characterized by (32) (u = const.) on the surface SvASVv) generated by yu (yv) intersects the line joining yv (yu) to z.
The point yuv is the point of intersection of the tangents to u = const, on SVu and the tangent to v = const, on Syv. Hence if a = 0 (6 = 0) the point «"liesin the plane determined by the tangent to u = const, (v = const.) and the projective normal. If the parametric net is non-conjugate, the projective normal and its reciprocal with respect to the quadric of Lie will be in Green's relation R with respect to the given parametric net if and only if a =6 = 0. In case M=0, the parametric net is conjugate and the vanishing of a and b imply that the ray of the point y with respect to the parametric net is the reciprocal of the projective normal.* Ifm = 0 the tangents to u = const, and v = const, on Sz intersect respectively the tangents to v = const, and u = const, on Sy. We may easily show that the developables of the reciprocal of the projective normal congruence correspond to the curves defined by the differential equation (35) (cL -pM)du2 + (qL -pN)dudv + (qM -cN)dv2 = 0.
These curves have been called the reciprocal projective lines of curvature.] The focal points of the reciprocal of the projective normal are defined by the expression y"+Xy" where X satisfies the equation
The associate conjugate net of the parametric net is defined by the differential equation Necessary and sufficient conditions that the ray of the point y with respect to the parametric net coincide with the reciprocal of the projective normal are* (39) p = a -yM/N =0,
The condition that the ray tangents separate the parametric tangents harmonically is the vanishing of a certain invariantf 35 defined by the formula JV3) = Np-Lq + Lp2 -N\2 + Lft, -N\u
Hence if conditions (38) and (39) are satisfied, the invariant 35 vanishes. Therefore if the associate conjugate net of the given net is the reciprocal projective lines of curvature, and if the ray of the given net is the reciprocal of the projective normal, the given net has equal point invariants of the first kind% and the ray tangents separate the tangents to the curves of the given net harmonically. In case the given net is conjugate we have the theorem of Lane: § If the associate of the given (conjugate) net is the reciprocal projective lines of curvature, and if the ray of the given net is the reciprocal of the projective normal, the given net has equal Laplace-Darboux invariants and is moreover harmonic.
A CANONICAL FORM FOR THE DEFINING DIFFERENTIAL EQUATIONS OF A NON-CONJUGATE NET
Let us consider a non-conjugate net. Since M ^ 0, we may eliminate z from the first three of (31), obtaining the following system: 
